In this paper we present two vacuum solution of Einstein Field equations(EFEs) which we have not seen in the literature. We also present their conservation laws using the famous Noether theorem. This calculation will also help us in understanding the gravitational wave spacetimes.
Introduction
Symmetry method is power full tool using for different purposes in mathematical physics. Lie symmetries of differential equations unified all the existing methods for the solution of differential equation, it is used, for the solution of differential equations, to reduce the order of differential equations and it is also used to reduce the number of independent variables in partial differential equations [1, [4] [5] . We used symmetry methods for the classification of plane symmetric static spacetime and revised a paper entitle "Noether symmetries and conserved quantities for spaces with a section of zero curvature" [2, 3] . Here we use Noether's symmetry equation, to find out Noether's symmetries of the considered spacetimes and then use Noether's theorem to find the conservation law corresponding to each Noether's symmetry [9, 10] .
We consider the following general cylindrically symmetric spacetime [7] 
find out the Ricci curvature tensors for this spacetimes and put them equal to zero. We get a system of four non-linear partial differential equations in three unknown functions ν(r), μ(r) and λ(r), the solution of this system give us the required spacetimes.
The Noether Symmetry Governing Equations and Conservation laws
A symmetry H is Noether's symmetry if it satisfies the following equation,
where
is the first order prolongation of
D is differential operator define as
L is Lagrangian and B is a gauge function. ξ, ζ i and B are functions of s, t, r, θ, z, and ζ i ,s are functions of s, t, r, θ, z,ṫ,ṙ,θ,ż, where "." denotes differentiation with respect to s. the conservation law corresponding to equation (2) is
where x i are the dependent variables (t, r, θ, z).
Vacuum Solution of EFEs
We calculated the Ricci tensor of the spacetimes given in equation (1) and put them equal to zero we get the following system of four non-linear partial differential equations in unknown functions ν(r), μ(r) and λ(r).
there my be other solutions to the system defined in (2) but we consider only the following two solutions
The metrics (i) and (ii) in equation (8) are the coefficients of the spacetimes which form the vacuum solution of Einstein field equations. The Ricci curvature tensors vanish but some of the Riemann curvature tensors are nonzero.
First case of Vacuum Solution of EFEs
The metric (i) given in equation (8) is
the Lagrangian corresponding to this spacetime is
using this Lagrangian in the Noether,s symmetry equation (2) which gives a system of nineteen partial differential equations, solving that system we get the following solution
Noether's symmetry generator are
using these Noether's symmetries in expression given in (6) above we find out the following table of conservation laws correspondingly. These are the conservation laws corresponding to the spacetime given in equation (9) . The quantity corresponding to H 0 is the total Lagrangian, the quantity corresponding to H 1 is the energy of the spacetime, H 2 gives us angular momentum, H 3 corresponds to linear momentum and H 4 corresponds to the scaling of the spacetime. The Riemann curvature tensors are
Gen First Integrals
,
Second case of Vacuum Solution of EFEs
The metric (ii) given in equation (8) is
using equation (2) for this Lagrangian we can get system of nineteen partial differential equations, after a lengthy calculation we get the following solution
Noether,s symmetry generators corresponding to this solution are
utilizing expression (6) for symmetries given in equation (14) we can get the following table which contained the conservation laws corresponding to the metric given in equation (12). 
Gen First Integrals
Conclusion
Here we presented two cylindrically symmetric vacuum solution of EFEs, their Noether's symmetries and the corresponding conservation laws. In section 2 the definition of Noether's symmetry and conservation are given. Section 3 consist of calculation of cylindrically symmetric vacuum solution of EFEs.
We discussed the first case of the spacetime, their Noether's symmetries and conservation laws in section 4, similarly in section 5 we discussed the second spacetime along with Noether's symmetries and conservation laws. These are the spacetimes where the Ricci curvature tensors are vanishing but some of the Riemann curvature tensors are non zero, which mean that there is some gravitational source which create the curvature. But as the Ricci tensors vanishing so the gravitating source must be some thing other than the energy and momentum tensor.
